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Abstract. In this paper we define the notion of a hyperkahler manifold (po- 
tentially) of Jacobian type. If we view hyperkahler manifolds as "abelian vari- 
eties", then those of Jacobian type should be viewed as "Jacobian varieties". 
Under a minor assumption on the polarization, we show that a very general 
polarized hyperkahler fourfold F of ^3 PI -type is not of Jacobian type. Our 
proof involves an explicit calculation of the Hodge classes in degree 4. As a 
byproduct, we prove the Hodge conjecture for such F. As a potential applica- 
tion, we conjecture that if a cubic fourfold is rational then its variety of lines 
is of Jacobian type. Under some technical assumption, it is proved that the 
variety of lines on a rational cubic fourfold is potentially of Jacobian type. We 
also prove the integral Hodge conjecture in degree 4 for the variety of lines on 
a very general cubic fourfold. 



1. Introduction 

The study of weight one Hodge structures leads to the theory of abelian varieties. 
Among all principally polarized abelian varieties, there is a special class called Ja- 
cobian varieties which corresponds to Hodge structures of curves. A corresponding 
theory for higher weight Hodge structures is still missing. In this paper, we propose 
a possible direction on the theory of "Jacobians" for weight two Hodge structures. 

We do not know yet what the "principally polarized abelian varieties" for weight 
two Hodge structures should be. The most typical weight two Hodge structure 
is H 2 (S, Z) where S is a smooth projective surface, which is equipped with the 
intersection form. A "p. p. a. v." in weight two, say X, should be a variety whose 
cohomology group H 2 (A, Z) carries a natural nondegenerate bilinear form that 
is compatible with the Hodge structure. We know one class of such varieties, 
namely the hyperkahler manifolds F whose cohomology group H 2 (F, Z) carries the 
canonical Beauville-Bogomolov bilinear form, see [5] , [5] . 

To motivate the definition of "Jacobians" in weight two, we recall a characteri- 
zation of Jacobian of curves. Let (A, O) be a principally polarized abelian variety 
of dimension g. Then a result of Matsusaka [15] says that A is a Jacobian if and 
only if there exists a curve / : C — > A such that /» [C] — [^Li)i i s the 1-dimensional 
minimal cohomology class. Or in other words, A is a Jacobian if and only if the 1- 
dimensional minimal cohomology class ( g _i)| is effective. We define the "Jacobian" 
in weight two as follows. 
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Definition 1.1. Let F be a hyperkahler manifold of dimension 2n. Let b(— , — ) be 
the Bcauville-Bogomolov bilinear form on H 2 (_F, Z). Let 

Alg 2p (F) = Im(d : CfP(F) -»• H 2p (F,Z)), Hdg 2p (F) = H 2p (f,Z)nH«(F) 

be the the subgroups of algebraic and Hodge classes. We define the transcendental 
lattice of F to be 

H 2 (F,Z) tr = Alg 2 (F) ± 

with the restriction of the bilinear form b. A minimal class is an element 9 £ 
H 4n - 4 (F,Z) such that 

(0 • ai • a 2 )_F = 6(ai,a2), Vai,Q!2 £ H (F, Z) tr 

A minimal Hodge class is a minimal class that is also a Hodge class. A projective 
hyperkahler manifold F is of Jacobian type if there exist a surface / : 5 — > F such 
that /* [S] is a minimal class. 

By definition, a necessary condition for F to be of Jacobian type is that it admits 
a minimal Hodge class. It is easy to see that if F = for some if3-surface S, 
then F is of Jacobian type. In fact, we can fix n — 1 general points on S and let the 
n th point vary and get a surface S C F. We can take 9 to be the cycle class of S 
and verify that F is of Jacobian type. From now on, we will restrict ourselves to the 
case where F is of K3^-type. The following definitions will be useful throughout 
this article. 

Definition 1.2. Let F be a hyperkahler manifold of K3*- 2 '-type. Let b(— , — ) be 
the Beauville-Bogomolov bilinear form on H 2 (F, Z) . An element a £ H 2 (F, Z) 
is primitive if it is not divisible (in H 2 (i ? , Z)) by any integer greater than 1. A 
primitive element a £ H 2 (i% Z) is even if a') £ 2Z, for all a' £ H 2 (F, Z); 
otherwise, a is called odd. An element S £ H 2 (F, Z) is exceptional if (i) b(6,5) = —2 
and (ii) 5 is even. Let Q(F) C H 2 (F, Z) be the set of all exceptional elements. We 
use £Iq(F) to denote tt(F)/{±l}. A polarization Xq £ Pic(F) of F is the class of 
an ample divisor. We say that (F, Xq) is primitively polarized if furthermore Ao is 
primitive. 

Remark 1.3. An exceptional class 5 is always primitive and satisfies b(6, H 2 (F, Z)) = 
2Z. Let 5 be the orthogonal complement (with respect to b(— , — )) of 5. Then 
(S ,b) is isomorphic to the X3-lattice and 

H 2 (F,Z) =Z<5©<5 ± . 

We will show that if a is even, then a 2 — S 2 is divisible by 8 in H^i* 1 , Z), for all 
5eSl{F). 

For a primitively polarized hyperkahler manifold, (F, Ao), of K 3l 2 l-type, we will 
refer to the following technical assumption frequently. 

Assumption 1.4. Either the polarization Ao is odd or it is even and ln+b ^ °' A °) is 
an even integer. 

The first main result of this paper is that a generic deformation of is not of 
Jacobian type. 

Theorem 1.5. Let (F, Xq) be a polarized hyperkahler manifold of K?^ -type which 
satisfies Assumption \1.4\ If F has a minimal Hodge class, then Pic(F) has rank at 
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least 2. In particular, a very general such (F,Xo) has no minimal Hodge class and 
hence is not of Jacobian type. 

Our motivation for this study is the rationality problem of cubic fourfolds. Works 
concerning this problem include [7] , and |10) . In their famous paper [3] , Clemens 
and Griffiths proved that a smooth cubic threefold is not rational by showing that 
its intermediate Jacobian is not a Jacobian. The key point here is that if a 3 dimen- 
sional algebraic variety is rational, then its intermediate Jacobian is the Jacobian 
of a curve. As an analogue, we make the following 

Conjecture 1.6. Let IcPj be a smooth cubic fourfold and F(X) its variety of 
lines. If X is rational, then F(X) is of Jacobian type. 

We remark that for many known cases of rational cubic fourfolds, one can verify 
the conjecture easily from their geometry. In [7], B. Hassett defines a cubic four- 
fold to be special if it contains a surface which is not homologous to a complete 
intersection. Concerning the above conjecture, we will show the following 

Proposition 1.7. If X is a very general cubic fourfold, then F(X) is not of Jaco- 
bian type. The above conjecture implies that a rational cubic fourfold is special. 

To give further evidence of the above conjecture, we need the following definition. 

Definition 1.8. Let F be a hyperkahler manifold. We say that F is potentially of 
Jacobian type if there exists a smooth surface S (not necessarily irreducible) and a 
correspondence T G CH^S 1 x F), such that 

([r]*a • [T}*/3)s = 6(a,j8), Va, (3 S H 2 (F,Z) tr . 

Theorem 1.9. Let X be a smooth cubic fourfold and F its variety of lines. If there 
is a birational map f : P 4 --■ » X whose indeterminacy can be resolved by a simple 
successive blow-up, then F is potentially of Jacobian type. 

For the definition of simple successive blow-up, see Definition 17.41 

The plan of this paper is as follows. For a hyperkahler manifold F of K3^-type, 

our investigation relies on an explicit basis for H 4 ^ 2 !, Z) obtained in TheoremCm 

and Corollary 12.151 The following canonical torsion group 

T 4 (F) — H 4 (F, Z)/ Sym 2 ( A) , A = H 2 (F, Z) 

comes into the picture in a subtle way. We give a description of this group in 
Theorem 13.51 After all these, we are able to give an explicit description of the 
integral Hodge classes on a very general F. In particular, we see that there is 
no integral Hodge class 9 satisfying the definition of Jacobian type, see Theorem 
14.31 As a byproduct of proof, we establish the Hodge conjecture for very general 
F and give information on the size of the possible failure of the integral Hodge 
conjecture. Thanks to the explicit geometry of cubic fourfolds, we are able to prove 
the integral Hodge conjecture for F(X) when A is a very general cubic fourfold, 
see Theorem 15.11 In section 6, we show that a minimal Hodge class always lies in 
the space generated by divisors and the "bilinear form" , from which we conclude 
that being of Jacobian type forces the Picard rank to jump. We also show that 
having a minimal Hodge class is a birational invariant. Section 7 gives a proof of 
Theorem II .91 This section is somehow independent of the previous ones. 

Before ending this introduction, we would like to make a few remarks on some 
open questions. We see that is of Jacobian type, but we do not know whether 
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the converse holds true or not. Namely, if we know that a hyperkahler manifold 
F (deformation equivalent to S™) is of Jacobian type, can we conclude that F is 
birational to S^ n \ for some K3 surface 5? If F = F(X) is the variety of lines on a 
cubic fourfold, then there is always the surface Si of lines meeting a given general 
line I, and the inclusion 

/ : S t -> F 

such that 

f*a ■ f*j3 = 2b(a,/3), Va, G H 2 (F,Z) tr . 
In analogy with the theory of abelian varieties, this is saying that F(X) is a "Prym 
variety" . In fact we do have a Prym construction as follows. There is an involution 
a on Si and the image of the restriction H 2 (F, Z) tr — > H 2 (S , j,Z) tr is the part on 
which a = — 1, see [9]. If we replace I by a rational curve of higher degree, then 
we get a Prym-Tjurin construction, see [18] , We would like to ask the following 
questions. For a hyperkahler manifold F, what is the smallest integer e > such 
that there is a surface / : S — > F stisfying 

f*a ■ f*/3 = eb(a,l3), Va,/3 € H 2 (F,Z) tr ? 

If S is a surface satisfying the above condition, is there a Prym-Tjurin construction 
on S to give the restriction of H 2 (F, Z) tr ? 

Acknowledgement. The author would like to thank Claire Voisin for many helpful 
email correspondences. He also thanks D. Huybrechts, B. Totaro and E. Markman 
for their comments on an earlier version of this paper and C. Vial for many helpful 
discussions. 

2. The degree 4 integral cohomology group 

In this section, we fix F to be a hyperkahler manifold which is deformation 
equivalent to the Hilbert scheme of length 2 subschemes of a K3 surface. Such 
F will be called a hyperkahler manifold of K3^-type. We will give an explicit 
description of H 4 (F, Z). More general results about the integral cohomology ring 
were obtained in [IB], [12] and [12] ■ 

Let (A, b) be the lattice H 2 (F, Z) equipped with the Beauville-Bogomolov qua- 
dratic form. We define the second symmetric power of A to be 

Sym 2 (A) = A ® A/ (a (g>b-b(g>a). 

We will simply use a/3 £ Sym 2 (A) to denote the image of a (g> /? € A ® A. The cup 
product 

U : H 2 (F, Z) <g> H 2 (F, Z) -> H 4 (F, Z) 
naturally factors through Sym 2 (A) and induces a homomorphism 
p : Sym 2 (A) ->• H 4 (F,Z), tt^aU^. 

Lemma 2.1. (%) p® Q : Sym 2 (H 2 (.F, Q)) ->• H 4 (.F,Q) is an isomorphism. 

(ii) p is injective and the image has finite index in H 4 (F, Z). 

fmj TTie intersection form on H 4 (i^, Z) restricted to Sym A is given by 

p(aia 2 ) ■ p{azoa) = b(ai, a 2 )b(a 3 , 04) + b(ai, a 3 )b(a 2 , a-i) + b(a±, a 4 )6(a 2 , a 3 ) 

/or aiZ a\, . . . , a 4 G A. 

Definition 2.2. We define T 4 (F) to be the quotient of H 4 (F,Z) by p(Sym 2 A). 
Remark 2.3. This group is always a torsion group of finite order. 
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To better understand this group, we carry out some explicit computation in the 
situation F — for some K3 surface S. Let r : Z — > S x S be the blow up of 
S x S along the diagonal A5 : S — > S x S. Let j : A <— > Z be the exceptional 
divisor of the blow-up. There is a natural morphism rj : A — > S" that realizes A 
as a P 1 -bundle over S. Actually, A = P(Tg) is the projcctivization of the tangent 
bundle of S. There is a natural degree 2 finite morphism n : Z — > that ramifies 
along the divisor A. Let G = {1,0"} = Z/2Z act on S x S by switching the two 
factors. Then this action lifts to an action of G on Z and is the associated 
quotient. Let A = tt(A) C S^. By construction, : A — > A is an isomorphism. 
We use j' to denote the inclusion of A into S^. In summary, we have the following 
picture, 

S^—A J - Z T -^S x S 

Si 7T 

A 5P] 
The blow up r gives a short exact sequence 

*-H 2 (S x S,Z) ^H 2 (Z,Z) — ^Z ^0 

The element / G H 6 (Z, Z) is the class of a fiber of 77 : A — > S. This sequence 
naturally splits since we have a splitting homomorphism Z — s> H 2 (Z, Z), 1 1— > [A]. 
Hence we have a canonical isomorphism 

H 2 (Z,Z) = H 2 (5 x S,Z) ©Z[A]. 

This is compatible with the G-action (G acts trivially on [A]). Note that by 
Kiinneth formula we have 

H 2 (S* x S,Z) = ^H 2 (5, Z) © ^H 2 (S*, Z) = H 2 (S*, Z) ® Z[G]. 

From now on, we will fix a Z-basis 

{Oi, 02, • • • , CI22} 

for H 2 (5, Z). The following lemma follows easily from the above computations 

Lemma 2.4. (i) H 2 (Z,Z) G = ©?2 1 ZT*(pJa i +p|Ot) © Z [ A ]- 

(tij for odd i, we /iare rP(G, H 2 (Z, Z)) = 0. 

(m,) for all even positive i, we have EP(G, H 2 (Z, Z)) = Z/2Z. 

We have similar descriptions of H 4 (Z, Z). First we have the following exact 
sequence (derived from the Leray spectral sequence associated toT:Z->SxS), 

(1) » H 4 (S* x S, Z) *■ H 4 (Z, Z) — ^ H 2 (5, i?VZ) >■ 

Let £ = ci(C A (l)) £ H 2 (A,Z), where C A (1) is the relative 0(1) bundle of A = 
P(Ts) — > S. Then £ defines an isomorphism Z = R 2 r\ i JL. This induces 

H 2 (5,Z) ^H 2 (5,i? 2 77»Z). 
Let G act trivially on H 2 (5', -R 2 r?*Z), then the sequence (JJ respects the G-actions. 
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Lemma 2.5. (i) The homomorphism H 2 (S, Z) — ► H 4 (Z, Z), i— > —j+rfai, splits 
the sequence JT]) canonically. 
(ii) As G '-modules, we have 

H 4 (Z, Z) = R 4 (S x S, Z) © R 2 (S, Z) 

where G acts trivially on the factor H 2 (S, Z). 

Proof. The homomorphism <j) : H 4 (Z,Z) ->■ R 2 (S,R 2 rj*Z) factors as 

H 4 (Z, Z) — U- H 4 (A, Z) -^U. H 2 (5, Z) . 
It is easy to check that 

V*f(~3*V*a) = -ry*(j*[A] • 77*0) 
= -*?*(-£ -*?*c0 

= 0, VqgH 2 (5,Z) 

Where £ G H 2 (A, Z) is the first Chern class of the relative 0(1) bundle. This proves 

(i) . The statement (ii) follows directly from (i). □ 

Lemma 2.6. (i) The group H°(G,H 4 (5'x S,Z)) is freely generated by p\[pt]+p* 2 [pt\, 

{p\ai <8>P2 a J?=l and {P*l a i ®P2 a + P* a j ®_P2 a Jl<i<j<22- 

(ii) For all odd i, we have H l (G, H 4 (5 x S, Z)) = 0; for all even i > 0, we have 
IP(G,H 4 (S x 5,Z)) = (Z/2Z) 22 . 

(Hi) The group H°(G, H 4 (Z, Z)) is freely generated by eo = T*(p\[pt\ + p^ipt]), 

{d = T*(p\ai ® p^Oi)} 22 !, {Cij = r*(pj0i ® P2 Q J + Pl a j ® P2 a i)}l<i<J<22 

{«• = j*?7*a l }i< l <22- 

(iuj For aZZ odd i, we have H l (G, H (Z, Z)) = 0; /or aZZ even i > 0, we have 
H l (G,H 4 (Z,Z)) = (Z/2Z) 44 . 

Proof. Statement (i) follows from the Kunneth formula 

H 4 (S xS,Z)= H 4 {S, Z) <g) H° (5, Z) © H 2 (5, Z) ® H 2 (S, Z) H° (5, Z) ® H 4 (5, Z) 

Then (iii) follows easily from (i) and Lemma 1231 By direct calculation of the group 
cohomology groups, we get (ii) and (iv). □ 

We will use the following spectral sequences frequently 

Proposition 2.7 (Grothendieck, chapter V of [Hj). Let X be a topological space 
with an action by a finite group G. Let Y = X/G be the quotient and it : X — > Y 
the natural map. LetT G (— ) be the covariant functor from the category of G-sheaves 
on X to the category of abelian groups which sends a G-sheaf & to the G-invariant 
sections fL°(X, J^") G . The right derived functor of T is denoted H l (G; X,Z). Then 
there are two spectral sequences associated to the situation, 

/F^ 9 = FP(y, R q (Tr°),^) => R p+q (G; X, &) 

and 

H E% q = W(G, H q (X, &)) =>> FP +<? (G; X, 
where 7ff (<#") = {n*^) G for all G-sheaves ,9 '. 
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Now we apply the second spectral sequence to the special case tt : Z — > F = Z/G 
and & = Z. Note that W(Z, Z) = for odd i. This together with Lemma l2~6l force 
the spectral sequence to degenerate at the uE 2 page. Thus we easily get the 
following. 

Lemma 2.8. (i) We have the following short exact sequence 

*-Z/2Z *-H 2 (G; Z,Z) ^U 2 (Z,Z) G 

(ii) We have the following short exact sequence 

Ti > H 4 (G; Z, Z) > H 4 (Z, Z) G > 

where T\ is a torsion group of order 4- 

Consider the first spectral sequence iE. Direct calculation of the stalks gives 

{Z, i = 0; 

0, i odd; 

(Z/2Z) A , i > even. 

This creates enough zeros in the jE 2 page and forces the spectral sequence to 
degenerate at this page. Hence we easily get the following lemma. 

Lemma 2.9. (i) There is a short exact sequence 

^H 2 (,5*[ 2 1,Z) *-H 2 (G; Z,Z) *-H°(A,Z/2Z) 

(ii) We also have a short exact sequence 

*-H 4 (5l 2 ],Z) *-H 4 (G;Z, Z) T 2 *- 

where T 2 is torsion group that fits into the following exact sequence 

^H 2 (A,Z/2Z) *-T 2 *-H°(A,Z/2Z) > 0. 

In particular, T 2 is of order 2 . 

Corollary 2.10 (Beauville, [2]). (i) The homomorphism it* : H 2 (S*[ 2 1,Z) H 2 (Z,Z) 
is an isomorphism and hence we have a canonical isomorphism 

(2) R 2 (S [2] ,Z) = H 2 (5,Z) ®15 

where 8 satisfies 2d = [A] . 

(ii) There is a short exact sequence 

»- H 4 (S*[ 2 1, Z) -^U- H 4 (Z, Z) G *- T 3 »■ 

where T 3 = (Z/2Z) 22 . 

Proof. To prove (i), we first note that the composition 

H 2 (G,H°(Z,Z)) = Z/2Z H 2 (G; Z,Z) -> H°(A, i? 2 7r G Z) = Z/2Z 
is isomorphism. By easy diagram chasing, this forces the composition 
H 2 (5 [2] ,Z) -> H 2 (G;Z,Z) -> H 2 (Z,Z) G 
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to be an isomorphism. Hence there is an element S £ H 2 (5'[ 2 1,Z) such that tt*5 = 
[A]. Since 7r*[A] = 2 [A], we get 28 = [A]. To prove (ii), we consider the following 
diagram 


*-H 4 (S[ 2 l,Z) _^-^H 4 (Z,Z) G ^T 3 s-0 

^H 4 (5[ 2 ],Z) *-H 4 (G;Z, Z) ^ T 2 

T 1 -. Ti 


This implies that T 3 is of order 2 22 . For any a £ H 4 (Z, Z) G , we have 2a = n*(-K*a). 
This implies that T 3 is of 2-torsion. Hence we have T 3 = (Z/2Z) 22 . □ 

Remark 2.11. For any a £ H 2 (5, Z), its image in H 2 (F, Z) will be denoted a. 
Hence H 2 (5l 2 ],Z) has a basis 

{oi, &2, • • • , a 2 2, <5} 
The element ctj can be described as the unique element satisfying 

7T*a t = T*{p[Oi +P* 2 Oi). 

Consider the following diagram 

n t 3 

*-Sym 2 (H 2 (Z,Z) G ) -^-H 4 (Z,Z) G ^ T 4 ^ 

— 7T 

Sym 2 (H 2 {S™ , Z) ) H 4 {S™ , Z) » T 4 (^ 2 J ) > 
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where all the 3-term columns are all short exact. Use the canonical isomorphism 
in (i) of Lemma 12. A\ we know that the image of p is freely generated by 

T*{plai + P* 2 <Xi) Ur'fpjo, +P2 a i) = T *(P*l(^t U Oj) +P2(di U Of) + 2p*a ; Up^i) 

= (en • o 4 )e + 2e l; 1 < i < 22; 

p*Oj UpaOj +K a i Up^i) 
= (di • Oj)e + ey, 1 < i < j < 22; 

r*(pj0i+Pa0i) U [A] =i*0'*T*(p*(k+P2fl»)) 
= j»(2?7*a,:) 
= 2uJ 

and 

(3) [A] 2 =.M~[A] = -j.£ 

where £ is the first Chern class of the relative 0(1) bundle of A = P(Tg) ->• 5. The 
next Lemma gives us 

(4) 3*Z=j*(ci(£))=j*(c 1 (£)n V *[S}) = t*[A s ] 

where As C S x S is the diagonal and £ fits into the following short exact sequence 
»- A (-1) > rfT s £ »- 0. 

Lemma 2.12 ([5], Proposition 6.7). Let X be a smooth projective variety and Y C 
X a smooth subvariety of codimension d. Let t : X — > X be the blow up of X along 
Y and Y = ¥{.jVy/x) C X the exceptional divisor. Let j : Y — > X be the inclusion, 
rj : Y — > Y the natural projection and i : Y — > X the inclusion. On Y , we have the 
following short exact sequence 

Oy(-l) T)*^Y/X £ 0. 

Then we have 

T*i*(x) = j*(c d -i(£) n n*x) 
for all x in the cohomology or Chow groups of Y . 

Let A = (0^)22x22, with ajj = cii ■ <Xj £ Z, be the intersection matrix of H 2 (S, Z). 
Since the intersection form is unimodular, we know that B = A" 1 is integral. 
Actually, let {a(, , . . . , O22} be the dual basis of H 2 (5', Z) v . The intersection 
form gives a canonical isomorphism H 2 (5, Z) v = H 2 (S, Z), under which we have 

22 

4=1 

As a correspondence, As acts trivially on cohomology of S, it follows that 

22 

[A s ] = ^2 <*< ® a- + [pt] <E> [S] + [S] ® [pt] 

i=l 

This implies 

22 

r*[A s ] = ^ &yey + ^2 b it e i + e o- 

l<i<j<22 »=1 
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This combined with (|3|) and §4§ implies that 



[A] 1 



bij eij 



- E 

\<%<j<22 i=l 

With the chosen basis, the matrix representation for p is 



M~ p = 







V 



-10 
2 






2/ 



One checks that det(Mp) = 5 ■ 2 45 . Hence we have the following lemma. 

Lemma 2.13. (i) The group T4 is of order 5 • 2 45 . 
(ii) The group T A (SM) is of order 5 • 2 23 . 

The following theorem will be extremely useful in explicit calculations. 

Theorem 2.14. Let {c^} be an integral basis ofH 2 (S, Z) and A the intersection 
matrix. Let B = A^ 1 . There is a basis 

{vq, Vi\l<i<22, Vij\l<i<j<22, Ui|i<j<22} 

o/H 4 (S'[ 2 l,Z) ; such that 

TT*v = e , n*Vi = ei-u' i , n*Vij = eij, ir*u i = 2u' i . 
The cup product R 2 (S^,Z) x U 2 (S^ 2 \Z) -> H 4 (S[ 2 1,Z) can be described explicitly 



• dj = Vij + aijVo, 1 < i < j < 22; 
Oi • 0» = 2uj + Ui + auvo, 1 < % < 22; 
fi» • d = Ui, 1 < i < 22; 



Ki<22 



buVi 



—Ui - Vq. 

Ki<22 



8.8=- E 

l<i<j<22 

Proof. We take itj = jiri*ai — n^u^, vq = 7r*(r*pJ[pt]) and = 7r»T*(pf a* Up2 a j)- 
Using the notation in section 4 of [IB], we set V{ — L 1,1 (ai) € H 4 (S , [ 2 1,Z). When 
a is the class of a curve C C S, then L 4,1 (a) is represented by the closure of 
{ir(x, y) : x,y S C,x 9^ y}. We also have the following relation 

et = T*(pldi Up* 2 (k) = TT*L 1 ' 1 {a i ) + u'i, 1 < i < 22. 

Let N C H 4 (5[ 2 1,Z) be the subgroup generated by Vq, {t>i} 2 =i, {vij}i<i<j<22, 
{-«i} 22 1 . By writing down explicitly the matrix of it* : N — > H 4 (Z, Z) G , we see that 
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the cokernel of the above map has size 2 22 . By (ii) of Lemma l2.101 this implies that 
N = H 4 (5l 2 ',Z). To check the formula of cup products, we only need to check the 
identities after pulling back via 7r* . For example, 

7T*(Oi • a,) = T*(p*Oi +P2(k) ■ T*(P*^j +P2 a o) 

= T *{{<*t ■ Oj)PiM + ( a j ■ ii)P2M) + T*(p*<k Up|Oj +p$aj Up* 2 ai) 
= ir*(a,ijVo + V{j), 1 < i < j < 22. 

The other equalities are checked similarly. □ 

Corollary 2.15. The cohomology group H 4 (S I [ 2 1,Z) admits another integral basis 

r a - i &i • (St - <*) | x * | i 

\V , <*i ■ aj\l<i<j<22, ^ |l<i<22, ■ Oj|l<i<22/- 

Remark 2.16. For any <5 s &(F) and basis {di, . . . , 022} of S- 1 , the basis obtained 
in the above corollary are still valid (with the correct definition of vo as is given 
in Definition 13.31) . This can be seen either by a direct computation or by the fact 
that S essentially arises from some in the deformation equivalent family, see 
Lemma 3.4 of |14) . From now on, we will automatically view an element 5 G Q(F) 
as coming from an isomorphism F = . 

3. A DESCRIPTION OF T 4 (F) 

Let F be a hyperkahler manifold of -ftf3[ 2 l-type. The following proposition can 
be deduced easily from the computation of the previous section. 

Proposition 3.1. The group T 4 (F) is of order 5 • 2 23 . 

This section is devoted to a canonical description of T 4 (F). It turns out that 
there is a canonical homomorphism 

v : H 2 (F,Z/2Z) -> T 4 (F), 

whose definition involves an exceptional class but is independent of the choice of 
such an exceptional class. 
We first prove the following 

Lemma 3.2. Let S,6' € Q(F), then the following are true. 

(i) The class 5 — 5' is divisible by 2 in H 2 (F, Z). 

(ii) The class 5 2 — 5' 2 is divisible by 8 in H (F, Z). 

(Hi) For any a G H 2 (F,7*), the class a ■ (a — 5) G H 4 (F, Z) is divisible by 2. 

Proof. We assume that F = for some -ftf3-surface S and 5 being the half of 
the boundary divisor and use the notations in Theorem 12.141 Then we can write 
5' = a 1 — c5, where b(a', 5) = 0. Since 5' is exceptional, we have b(5' , a) G 2Z for all 
a G H 2 (F, Z). This forces d' = 2d, for some a = J2 a i&i e ( ^~ L - Since 5' is primitive, 
we know that c G Z is odd. This proves (i). For (ii), we write explicitly 

5' 2 -5 2 = 4d 2 - AcM + c 2 5 2 
22 

= 4^(a 2 d 2 — diScii) + 8 aia ;S,Sj + (c 2 — 1)5 2 
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Since c 2 — 1 is divisible by 8, we only need to show that the first sum is divisible 
by 8. This can be seen from 

22 , . 

4 5> 2 a 2 - orfao = 4 £ a ,(a 2 - a*) + s ]T 4 a 2 

i=l ^ ' 

and the fact that a 2 — Scii is divisible by 2, see Theorem 12.141 Given (i), we only 
need to prove (iii) for the exceptional element 6 £ Cl coming from an isomorphism 
F = SM. This case follows from Theorem 12. 141 □ 

Definition 3.3. Let 5 E Q(F). We define a quadratic map vg : H 2 (F, Z) — > 
H 4 (f , Z) by putting 

v s(a) = -a - (a- S). 

It is known that S 1 - is the lattice of a K3 surface. Let {ai, . . . , a22} be a basis for 
S 1 - with A — (b(di, aj))22x22 be the intersection matrix. Set B = A^ 1 . We define 

1 1 22 

Remark 3.4. Let F = and notations be as in Theorem 12.141 then vq(8) is 
simply the class ^o- 

Theorem 3.5. Let F be a hyperkdhler manifold of K 3^ -type and 5 E Cl(F) an 
exceptional class. Then 

(i) The composition H 2 (F,Z) — ^H 4 (F,Z) ^T 4 {F) induces a homomor- 

phism 

vg : H 2 (F, Z) ® Z/2Z T 4 (F) 
(zi^ TTie homomorphism vg is independent of the choice of 5. 

(iii) The image 6 of 5 in H 2 (i 7 ', Z) <g)Z/2Z is independent of the choice of 8. 

(iv) The kernel of vs is generated by 5. 

(v) Vo(6) E H (F, Z) is f/ie unique element satisfying the following 

(vo(5) ■a-(3) F = b(a,/3) + h(5,a)b{6, 0), Va,f3 E H 2 (F,Z). 

(vi) The image Vq(8) of vq(6) in 1~ A (F) is an element of order 10. For a different 
choice 6' E Cl(F), the difference v (d) — Vq(5') is an element in the image of vg. In 
particular, the element Wq = 2v (S) is independent of the choice of 5. 

(vii) LetK 2 (F) be the quotient ofH 2 (F, Z/2Z) by (Z/2Z)5. Then there is a canon- 
ical short exact sequence 

K 2 (F) t 4 (f) Z/10Z ^ . 

Each 5 E £l(F) determines a splitting of the above sequence by the homomorphism 
Z/10Z-^T 4 (F), 1h+«o(£). 

(viii) There is a canonical exact sequence 

0^-Z/5Z ^-T 4 (F) ^-H 2 (F,Z) V ® Z/2Z^-0 

where <p(l) — wq and ip(9) = {a i— > (a ■ 9 ■ S)f mod 2}, where 9 E H 4 (F, Z) is 
a lifting of 9 € 7~*{F) and <5 E fi(-F') is some exceptional class. The composition 
o vg is the homomorphism induced by the Beauville-Bogomolov pairing. 
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Remark 3.6. Since vs is independent of the choice of 8, we will simply write 

v : H 2 (F,Z) ^T 4 (F) 
for the canonical homomorphism. 
Proof. For (i), we note that 

vg(a + a') = ~(o + a')(o + a' - 5) 

= vs(a) + vs(a') + do' 

which implies that the map H 2 (F, Z) — > T A {F) is a homomorphism. One easily 
checks that this homomorphism vanishes on 2H 2 (F, Z) and hence (i) followes. If we 
pick another exceptional class 6' € Q(F). Then 

vs>(a) - v s {a) = -(5- 8')a. 

By Lemma EOl the element ^i— is integral. Thus vs>(a) and v$(a) map to the same 
image in T A (F), which proves (ii). Statement (iii) follows from the fact that 8—8' is 
divisible by 2, see Lemma I5T21 By the definition of vs, we see that 8 is in the kernel. 
Let {ai, . . . , 022} be a basis of 8 . Then Theorem l2.14l implies that vs(ai) ^ for all 
i. Since the basis is arbitrary, we get that vg(a) ^ for all primitive 5 € i 1 . This 
implies that the images Vs(Oi) are Z/2Z-linearly independent. This proves (iv). To 
prove (v), we consider the special case F — S^. Then the vq is represented by a 
smooth surface S C F, where S is the blow up of S at a general point. Then we 
have 

Oi\s = a * a i, 8\§ — E 
where a : S — > S is the blow up with E being the exceptional curve. This implies 

(wo • a t ■ 5) F = (<r*a t ■ E) § = 0, (v ■ 8 2 ) F ~ E 2 = -1, 

and 

(«o • hi ■ a,)*- = • (T*aj)§ = ( a i ■ a i) = H*i,aj)- 
One easily checks that the equality in (v) holds for a, j3 from the basis {di, . . . , CI22, 8}. 
By linearity, (v) holds for all a, f3. For (vi), we only need to prove this in the case 
F = S*! 2 !. First we note that by the definition of vq(8), we know that its image in 
T 4 (F) is an element of order 10. In H 4 (F, Z), we have the element 

1= Yj b iAaj-^8 2 

l<i,j<22 

where B = (pij) is the inverse of the intersection matrix of {di, . . . , 022}- We know 
that q is independent of the choice of the exceptional class 8 and the basis {d^} of 
8 , see the discussion of next section. Then by definition and relations in Theorem 
12.141 we get (see Lemma [472]) 

This implies that 

Vo (8')-v (8) = l(8' 2 -8 2 ) 
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As in the proof of Lemma T3. 2 1 we can write 8' = 2d + c8 for some dei 1 and odd 
integer c. The by direct computation, we get 

v (6') - v (S) = vs(a). 

To prove (vii), we note that K, 2 (F) is identified with the image of v. Since K, 2 (F) 
is of order 2 22 and 7~ 4 (-F) is of order 5 • 2 23 , we know that the quotient group 
T A {F)/JC 2 (F) is of order 10 and thus isomorphic to Z/10Z. This gives the short 
exact sequence. By the explicit basis obtained in Theorem 12. 141 we know that the 
images of Vq and {vg(cii)} generate T 4 (F). This implies that the element vq gives 
a splitting of the above short exact sequence. 

To prove (viii) , we first check that the definition of tp is independent of the choice 
of 8. The composition tp o v$ is induced by 

a^{^ (-a{a -6)-0-S) F mod 2} 

Then we explicitly compute that 

(~a(a-5)-p-S) F = b{a,P) mod 2. 

This implies that ip o v$ is the homomorphism induced by b(— , — ) whose image is 

{£ G Hom(H 2 (F,Z),Z/2Z) : 1(8) = 0,V6 G Q(F)}. 

To show that if) is surjective, we only need to show that there exists an element 
9 G H 4 (F, Z) such that 8-8-8 = 1 mod 2. But we can simply take 8 = vq(§) since 
vq(S) ■ 8 2 = —1. The remaining part of (viii) follows from this. □ 

4. Hodge classes in degree 4 

Let (F, Ao) be a primitively polarized hyperkahler manifold of K3*- 2 '-type. In 
this section, we study the group 

Hdg 4 ^) = H 4 (f,Z)nH 2 ' 2 (f) 

of Hodge classes in degree 4. First we note that there are 2 canonical classes in 
Hdg 4 (F). The first one is (Ao) 2 and the second one comes from the Beauville- 
Bogomolov form. To be more precise, let &(—,—) be the Beauville-Bogomolov 
bilinear form on H 2 (F, Z). We extend b linearly to H 2 (F, C). Take a basis 

{oi, a 2 , . . . , 023} 

to be a basis of H 2 (F, C). Let A = (ay) be the matrix of b, i.e. = 6(di, aj). Let 
B = (pij) = A^ 1 , which exists since b is non-degenerate. We define 

q = J2 b iA*j 6 H 4 (F,C). 

It is a simple fact that q is independent of the choice of the basis. Recall that Ao is 
even if 6(Ao, a) is even, for all a G H 2 (F, Z). 

Lemma 4.1. Let \q G H 2 (F, Z) 6e primitive. The following statement are equiva- 
lent. 

(i) The element Ao is even. 

(ii) Aq — 8 2 is divisible by 2 for some 8 G Q(F). 
(Hi) Aq — <5 2 is divisible by 2 for all 8 G f}(F). 
(u>,) A 2 , — 8 2 is divisible by 8 for some 8 G Q{F). 
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(v) Xq — S 2 is divisible by 8 for all 5 G fl(F). 

(vi) u(A ) = m T 4 (F). 

Proof. (i)=^(ii). Let 8 G Q(F) be some exceptional class. Fix a basis {di, . . . , 622} 
of 8 . Then we can write Ao = 0' + c'S with 0' G 6 and c' G Z. The fact that 
b(Xo,a) G 2Z for all a£ 5 1 and the fact that b(— , — ) is unimodular on 5 implies 
that a' = 2d for some d G S- 1 . Since Ao is primitive, we know that d must be odd 
and hence we can write Ao = 2d + (2c + 1)8, for some c G Z. Then it is easy to see 
that Xq — S 2 is divisible by 2. 

(ii)=>(i). We still write A = d' + c'S. Then we get 

A 2 -5 2 = d' 2 + 2 C 'd\5+(c ,2 -l)<5 2 . 

Using the explicit basis obtained in Theorem 12. 14[ we see that the above expression 
is divisible by 2 only if 2 | c' 2 — 1 and d' = 2d for some a £ 8 . Hence we get 
A = 2d + (2c + 1)8 for some c G Z. This implies that Ao is even. 

(ii) =^(iii) and (iv)=>(v). This is due to the fact that S 2 — 8' 2 is divisible by 8, for 
all 8, 8' G fi(F), see Lemma[321 

(iii) =>(ii) and (v)=^(iv) are automatic. 

(ii)=>(iv). As above, we can write Ao = 2d + (2c + 1)8. Hence we get 
X 2 -8 2 = %v s (a) + 8(c + l)Sa + Ac{c + 1)<5 2 , 

which is easily seen to be divisible by 8. 

(iv) =>(vi). Again, we can write Ao = 2d + (2c + 1)8. Then we easily see that 
S(A ) = ^(Ao)=OinT 4 (F). 

(vi)=>(i). Pick some 8 G f2(.F). If we write Ao = d' + c'S for some d' G S 1 - and 
c! G Z. Then v{X ) = u(o') = implies that d' is in S 1 - (g> Z/2Z, i.e. d' = 2d for 
some a E S- 1 . Since Ao is primitive, we get c' — 2c + 1 for some c G Z. This shows 
that Ao is even. □ 

Lemma 4.2. Let (F, Ao) be primitively polarized as above, then the following are 
true. 

(i) The two elements (Ao) 2 and q are linearly independent in H 2 (_F, C). 

(ii) For any a, j3 G H 2 (_F, Z), we have 

(q-a-(3) F = 25b(a,(3). 
(Hi) The element |g is integral and primitive, namely |<7 G H 4 (i 7 ', Z). Furthermore, 

-q + S 2 = 8v (8), VSeMF). 
5 

(iv) If Ao is odd, then 

(Q(Ao) 2 + Qq) n H 4 (F, Z) - Z(A ) 2 Z(| ? ). 

(v) If Xq is even, then (Xq) 2 + |q is divisible by 8 and 

(Q(A ) 2 + Qq) n H 4 (F, Z) = Z(A ) 2 Z^(A 2 + \q) 
Proof. We prove (ii) first by direct computation as follows. Assume that 

a = y^A, P = y^yidj. 
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Then we have 

(q-a- 0) F = • <ij ■ a- 0) F 

= y^b iJ (6(o i ,aj)b(g,/3) + 6(&i, a)6(a,-,/3) + &(oi,/3)6(a,-, a)) 

= E 6 «°*i)6(a,j8)+2X; 

Xkdkibijajiyi 

= tr{AB)b(a, 0) + 2 ^ afcaww 
= 236(a, /3) + 2&(a, /3) 
= 256(a,/3) 

To prove (i) we first note that for all a, (3 s (Ao) -1 , we have 

(X 2 t -a-j3) F = b(X ,Xo)b(a,/3). 

Hence if Ag and q are proportional, then Ag = ||g where &o = 6(Ao,Aq). This 
implies 

36g = M-Ag) = |(«-^) = ^.256o = 6g. 

This forces bg = which is impossible since Ao is an ample class. 

To prove (iii), we write q explicitly using the basis obtained in Theorem 12. f 41 



1 = ^2 b ij^j - ~< 



hi 



^ hj(vij + a,ijV ) + ^ bii{2vi + Ui + a u v ) 
ijtj i=i 

1 22 b 

i<j i=l 

5 ,v — > v — . 5 ^ — r ba 45 



The intersection matrix of {Aq, |(?} is given by 



(5) M ~\h- X l h-h)~V m o 92 



This shows that ^q is integral and primitive. One also easily sees that ^q+S = 8vo- 

3f {Ao, f <?} is given by 

_^X 2 -X 2 Iq-X 2 \_f3bl 106 x 

Hence det(M) = 176fo§. Now we assume that 

-(aXo+b(lq)) GH 4 (F,Z) 
p 5 

where p is a prime and a, 6 G Z with gcd(a, 6) = 1 . To do some explicit computa- 
tions, we assume that F = S^- 2 \ and a basis {a-i} of H 2 (S', Z). By Corollary 12. f 5[ 
we have an integral basis 

s = {vo(8),vs(ai),aiaj,6ai} 

for H 4 (F, Z). We assume that Ao = fc&o — cS, for some fc, c € Z and primitive ao S 
H 2 (S',Z). As before, we set A = (ay) with a,-j = (oi-a/)s and B = (fay) = A -1 . Let 
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/i = b(Xo,5) = 2c and \ii — 6(Ao,cU) = fc/i,, where /2i = 6(ao,&i). The intersection 
of {Ag, |g} with the basis i3 is given by 

(C) K = f k2 ( a o ■ a o)s - c 2 , - n) + Zf-bo, Zftyij +b aij, fifj,, 

Claim: The fact that p | aA 2 + 6(§o) implies that p | 2/cc. 

proof of claim. Since both Ag and |g are primitive, we know that p \ ab. The last 
column of ^ implies that p \ 2kcfii, for alH = 1, . . . , 22. This forces p | 2fcc. □ 

case 1: p \ c. 

In this case we have 

b = b(X , A ) = fc 2 (a • a )s - 2c 2 = fc 2 (a • a )s, mod p 

The first column of ([5]) implies 

afc 2 (ao • ao)s + 96 = mod p. 

By looking at the second column of (0, we get the following 

= a/itj(/ij — /i) + a • ~^~^o + 6 ' 5aji mod p 

= ak 2 fi 2 + a ■ -y-fc 2 (ao ■ do)s + 5aub mod p 

= ak 2 /! 2 + y-(a/c 2 (a • a )s + 96) + ^6 

= ak 2 u 2 H — —6 mod p 
2 

This implies that an = cofi 2 mod p, where cq = —^2^-. By looking at the third 
column of ([5]), we get 

= a ■ 2k 2 jliflj + a ■ fc 2 (oo ■ dojsdij + lObaij mod p 

= 2ak 2 fi l fij + a l j(ak 2 (a ■ a )s + 96) + 6a y 

= 2afc 2 + baij mod p 

It follows that ay = co/tj/ij mod p for all i < j. Combine the above expressions 
for aij, we have 

±1 = det(A) = {c Q ) 2 2det(/lifi j ) = mod p. 

This is a contradiction and hence case 1 never happens. 
Case 2: p\k. 

In this case, we first have 6o = —2c 2 mod p. The first column of ^ gives 

-ac 2 + 96 = mod p 
Then the third column of (J6]) gives 

= 2ayn\ij + aboaij + 106ajj mod p 
= a(— 2c )<Zjj + 106(2^ mod p 
= 2dij(— ac 2 + 96) — 8ba,ij 
= —8baij mod p 

Since p | 6, we have p | 8ay for all i, j. Since det(A) = ±1, there exists such 
that p { a,-j. It follows that p | 8 and hence p = 2. 
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Case 3: p = 2. 

In this case, we have 2 | A 2 , + §g and also 8 | S 2 + |g. By taking the difference, 
we see that Aq — 5 2 is divisible by 2. By Lemma I4TTI we know that Ao is even. This 
implies that 

A 2 , + \q = (S 2 + \q) + (XI - 5 2 ) 

is divisible by 8. When Ao is even, we easily see that bo/2 = 6(Ao,A )/2 is odd. 
Hence the power of the factor 2 in det(M) = 1766q is 64. This implies that 

is no longer divisible by 2 and hence is primitive. This proves (iv) and (v). □ 

Theorem 4.3. Let (F, Ao) be a very general primitively polarized hyperkahler man- 
ifold of KS^ -type. Then the following are true. 

(a) The group of integral Hodge classes in degree 4 can be expressed as 

Udg 4 (F) = Span Q {A 2 ,g}nH 4 (F,Z). 

In particular, if Ao is odd, then Hdg i (F) is freely generated by Aq and |q; If Ao is 
even, then Hdg 4 (F) is freely generated by A 2 , and |(Aq + |g). 

(b) If Ao satisfies the Assumption \1.4\ then for alia G Hdg 4 (F) and a, a' S (Ao)" 1 C 
H 2 (.F,Z) 7 we have 

(a ■ a - o')f = eb(a, a'), 

for some e G 2Z. 

Proof. Let A = H 2 (F,Z). Let V be the period map 

V{[F]) =Clo f GP(A C ) 

where ujf G H°(F, 17^) is a generator. By the local Torelli theorem, see [2], we 
know that the deformation of (F, Ao) corresponds to the deformation of ujf such 
that A G A 1 ' 1 . Let 

Q+ = {lu g P(Ac) : b(w, to) = 0, 6(w, S3) > 0, 6(A , w) = 0}. 

Assume that the period of (f , Ao) is uj. Then we can easily compute 

T M o+ = fa e Hom c (Cw, A c /Cw) : 6(w, tp(u)) = 0, 6(A , p(w)) = 0}. 

By definition, tp(ui) is only a class in Ac/Cw. Then we define b{oj , Lp{uj)) to be 
b(bj,(jj') for any element u/ G H 2 (F, Z) representing the class V'(w). Note that this 
is well defined since b(uj,Lu) — 0. We define b(Xo,<p(u>)) in a similar way. We have 
the Hodge decomposition 

A c = A 2 - ©A 1 - 1 ©A - 2 . 

Let {ai, . . . , «2i} be a C-basis of A 1,1 . Then we can write 

<p(oj) = y^jCti + ii u), /Ltj,/x eC. 

The condition b(u>,ip(u))) = implies that fio = 0. The condition b(Xo,ip(uj)) = 0, 
together with its equivalent form b(Xo,<p(uj)) = 0, implies that (p(ui) G Aq PI A 1,1 . 
Hence we get the following identification 

T M<= A ^ nAM 
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When [lo] moves in Q^ g along the direction ip G Xj w j q+ , the space A 1 ' 1 moves in 
G(21, Ac) along the direction ip, where 

tp e Hom c (A 14 , Cw © Cuj) 

is the unique element satisfying 

b(ip(ai),uj) + b(ai, p(ujj) = 



b(ip(cti), uj) + b{on, ip{u>)) = 
If we write 4>(ai) = + biLj, then the above conditions imply 



a t = -b(cti, <p(uj)), bi = -b(cti, p{u>)). 

When [uj] moves in Q~^ q along the direction ip, the space H 2,2 (F) moves in the Grass- 
manman G(232, Sym 2 (A c )) along some direction $ & Hom c (H 2 ' 2 , Sym 2 (A c )/H 2 > 2 ). 
Under the natural identification 

H 2 ' 2 = Sym 2 (i7 1 ' 1 )®CwAw, 

the homomorphism ip is given by 

ip{otiaj) — ip(cti) A ctj + ai A ip(aj) 



tp(uj Aw) = ¥>(w) AwlwA <^(w) 

We define the fixed part Fix(H 2 ' 2 ) of H 2 ' 2 to be the set of all x e H 2 ' 2 such that 
for all tp associated to some p G q+ , we have ip(x) = 0. Our next step 

is to determine Fix(H 2 ' 2 ) explicitly. Let <p(co) — ^ Hi a i an d A = (a^ ) be the 
"intersection" matrix on H 1 ' 1 , i.e. a,ij = b(ai,otj). Let T = (tij) be the matrix 
representing the complex conjugation on H 1 ' 1 , i.e. 

21 

a>i = tij a>j . 
i=i 

Then we get 



ai = -b(ai, ip(uj)) 

j,k 

b l = -b(ai,tp(uj)) = - ^dijUj 

Let a = (ai, . . . , a 2 i)* and b = (b\, . . . , 621)* ■ Then the above equations can be 
written as 

a=-A t Tji, b = -An, 
where /i = (/ii, . . . , ^21)*- Assume that 

x = ^ CijOtiCtj + c oj Awe Fix(H 2 ' 2 ), 
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where C = (cy) is a symmetric matrix. Then we have 
4>(x) = ^ Cijip(aiaj) + c ip(uj A u>) 



= 2(*aC'0(a)) + c (tf{uj) Aw + w A y>(w)) 
= 2[ t aC(aw + bu»)] + c ( t o,\i Awl 'a/i A w) 
= *a(-2CA(*T)/2 + c (*T)/2)a;+ 'a(-2C4/J + c /i)w 
where a = (a%, . . . , a^i)* and ip(a) — (''Pi -!); • ■ • 7 VK ^))' ■ Hence we get 



<S> (c - 2CA)/x = 0, V^(<j) e Aq" n A 14 
We write A = *as, where s = (si, . . . , s 2 i), then 

tp(uj) e \q n A 1,1 <s> 'sA/i = 0. 

Hence we have the following equivalences 

x e Fix(H 2 - 2 ) ^ (c - 2CA) f i = 0, V/i with 'sA/i = 

<^> c - 2CA = t*sA, for some t = (ti, . . . , *2i)' 

<^C = -cqA- 1 - -t*s 
2 2 

Since C is symmetric, the vector t is a multiple of s. Hence x e Fix(H 2 ' 2 ) if and 
only if 

C = C\B + c 2 s f s, c = 2ci. 
for some c%, c 2 S C, where £? = A^ 1 , i.e. 

x = t a{c\B + c 2 s *s)a + 2ciw A Q 
= Ci^aBa + 2uj A Q) + c 2 X 2 
= ciq + c 2 Aq 

Hence we get Fix(H 2 ' 2 ) = Span c {g, A 2 ,}. This computation implies that on a very 
general deformation of (F, Xq), the classes that remain of (2, 2)-type are generated 
by q and Ag. This implies that for a very general (F, Xq), we have 

Hdg 4 (F) = Span Q {q,A 2 }nH 4 (F,Z). 

Together with Lemma |4.2[ this proves (a). For (b), we note that for all a, a' <E 
H 2 (F,Z) tr , we have 
2 

-q ■ a ■ a' = 106(o, a'), An • • a' = b(X , A Wa, a')- 
5 

Then one concludes (b) by evaluating aa' on the generators of Hdg 4 (i 7 '). □ 

Corollary 4.4. Let (F, Ao) be a very general primitively polarized hyperkahler man- 
ifold of K3^ -type such that Assumption ] l-4\ is verified. Then F is not of Jacobian 
type. 
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Corollary 4.5. Let (F, Ao) be very general as in the theorem. Then Ao is odd (resp. 
even) if and only if the image of Hdg (F) in T A {F) is a cyclic group of order 5 
(resp. 10). 

Proof. In any case, we always have A 2 , m> 6 T 4 (F). Since |g = 8vq(S) — S 2 , we see 
that |g <-> 8%. If is odd, then the image of Hdg 4 (F) in T 4 {F) is generated by 
8vo, which is an element of order 5. To conclude the second case, we only need to 
note the fact that for any even A , the image of |(Aq — 8 2 ) in T A {F) is an element 
of order 2. □ 

Corollary 4.6. Let (i* 1 , Ao) be a very general polarized hyperkahler manifold of 
KZ^-type. 

(a) The Hodge conjecture holds true for F . 

(b) Let Z 4 (F) = Hdg 4 (F)/Alg 4 (F). If X is odd, then there is a surjection Z/3Z -» 
Z 4 (F); if Xq is even, then there is a surjection Z/24Z -» Z i (F). 

Proof. To prove the Hodge conjecture for F, we only need to do this in degree 4. 
By the computation carried out in the proof of the theorem, we only need to show 
that q is algebraic. We will need the following explicit of the Chern classes of F in 
the special case F = S^- 2 \ 

c 2 (F) = 24v -36 2 . 

This implies that |(? = |c2(i ? ). When Ao is odd, then Z A (F) is generated by 
the image of \c-z(F). When Ao is even, then Z 4 (F) is generated by the image of 
■^C2(F) + gAg. This proves the corollary. □ 



5. Lines on a cubic fourfold 

In this section, we consider a special family of polarized hyperkahler manifolds. 
Let X C be a smooth cubic fourfold. Let F — F(X) be the variety of lines on 
X. It is known that F is a hyperkahler manifold of -K^^-type, see pQ and [3]. We 
have a natural inclusion F C G(2, 6). Let § be the restriction of the rank 2 quotient 
bundle on the Grassmannian of lines in P 5 . Set g\ = c\(S~) and 52 = 

Theorem 5.1. Let X be a very general cubic fourfold. Then the following are true. 

(a) The variety of lines F = F(X) is not of Jacobian type. 

(b) The integral Hodge classes Hdg (F) is freely generated by (72 o,nd \{g 2 — 9%) ■ 

(c) The integral Hodge conjecture holds true for F in degree 4- 

Proof. By the global Torelli theorem of [T5], we know that when X is very general, 
the corresponding (F,gi) is very general among its deformations. In the special 
case when X is a Pfaffian cubic fourfold, we have F = for some K3 surface 
of degree 14. In this case, the polarization has the form g\ = 2o — 56, where a is 
the degree 14 polarization on S. This means that g± is even. Since b(gi,gi) = 6, 
we know that \{b{g\,g\) + 10) = 2 is even. Hence by Corollary 14.41 F is not of 
Jacobian type for very general X. 

To prove (b), we need to write q explicitly in terms of g\ and gi- Let $ : 
H 4 (X, Z) — > H 2 (i 7 ', Z) be the Abel-Jacobi isomorphism, see [3]- Then the restriction 
of <& to the transcendental classes gives an isomorphism 



$ :H 4 (A:,Z) tr ^H 2 (F,Z) tr 
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which satisfies b(<J>(a), $(/?)) = -a-/3 for all a, (3 G H 4 (X, Z) tr , see [3]. One relation 
that we need is 

g 2 ■ a ■ a' = 0, Vo, o' G H 2 (F, Z) tr . 

This can be seen from the geometry. Let Y" C X be a general hyperplane section, 
which is a smooth cubic threefold. Then g 2 is represented by the surface of lines 
on Y. For any transcendental classes a and a', we can find the corresponding 
transcendental classes a, a' G H 4 (X, Z) tr such that a = <I>(a) and a' — When 
a is transcendental, we always have deg(a|i') = 0. By formula of the number of 
secant lines of a pair of curves on a cubic hypcrsurfacc obtained in [17] , we have 

g 2 -a-o! = 5deg(a\ Y )deg(a'\ Y ) = 0. 

Similarly, we have g 2 ■ gi ■ Cl = and g 2 g\ = 45. The self-intersection of g\ is given 
by 

5 4 = 36( 5l) &x) 2 = 108. 
Based on these identities, we get 

(~<7i - ^52) • a ■ b = b(a, b), Vo, b g H 2 (F,Z). 

This implies that ^g\ — j^g 2 = ^q- Hence we have 

g(^9 + 9i) = 3(51 -92). 

Then (b) follows from Theorem 14.31 

Note that \{g\ — 52) is represented by the surface of all lines meeting a given 
line, see [T5]- This proves (c). □ 



6. Minimal Hodge classes 

In this section we investigate the hyperkahler manifolds of Jacobian type from 
a different angle. Namely, we show that the minimal Hodge classes are of special 
form. In particular, being of Jacobian type will force the the Picard rank to jump. 
We also show that having a minimal Hodge class is a birational invariant. 

Proposition 6.1. Let F be a hyperkahler manifold of K?^ -type. Then a minimal 
Hodge class 9 is always in the Q-vector space spanned by Sym 2 (Pic(i ? )) and q. 

Corollary 6.2. Let (F, X ) be a primitively polarized hyperkahler manifold with X 
satisfying Assumption \1.4\ If F is of Jacobian type, then the Picard number of F 
is at least 2. 

Corollary 6.3. If X be a smooth cubic fourfold whose variety of lines F(X) is of 
Jacobian type, then X is special. 

Proposition 6.4. Let Fi and F 2 be hyperkahler manifolds of K?,^ 1 -type. If F\ is 
birational to F 2 , then Fi has a minimal Hodge class if and only if F 2 does. 

Remark 6.5. This Proposition suggests that being of Jacobian type is likely to be 
a birational invariant. 
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Proof of Proposition ^. 1\ Let {ai, . . . , a r } be a basis of Hdg 2 (F) and {ti, . . . , t s } 
be an orthonormal basis of Hdg 2 (F)- L (g> C, i.e. b{i a , ip) — S a p, Va, (3 G {1, . . . , s}. 
Assume that 9 G H 4 (F, Z) is a minimal Hodge class. We can write 9 exiplicitly as 

r r s s 

9= / ] XijOjaj + / ] yiaOiig + z a f)i a ifi, 

i—1 a—1 ot,j5=l 

for some Xij, yi a , z a p G C with Xu = Xu and z a p = zp a . Since 9 is a minimal class, 
for all a,f3 G {1, . . . , s}, we have 

£a/S = ^ • ta • t/3 

i,j a' ,f3' 

When a ^ /3, we see that z Q( g = 0; when /3 = a, we get that z QQ , = c is a constant 
that is independent of a. By definition, the element q has the form 

q = 2J Cydidj + t a t a , 

i,j a 

which implies that gtr — /C Q t a ta is of type (2, 2) in the Hodge decomposition. Now 
we take an integral basis {ti, . . . ,t s } of H 2 (F, Z) tr . Hence we have a new explicit 
expression of 9, 

r r s 

9= xijWj + 

a ~r Cqt Y 

i,j=l i—1 a=l 

where yi a , cGQ. Since 9 is a Hodge class, we have 

r s 
i—1 a—1 

This implies that 

a=l 

since form a basis. Now it follows that Yf a —i ViaXa is of type (1, 1) which forces 
it to be 0. Hence we have 9 = X)ij=i x ij a i a j + C( 7tr which is in the Q-span of 
Sym 2 (Pic(F)) and q. □ 

Proof of Corollarv \6.2l If Pic(F) = ZAo, then, by the proposition, a minimal Hodge 
class is always in 

Span Q { g ,A 2 }nH 2 < 2 (F). 
However, part (b) of Theorem 14. 31 there is no such minimal Hodge class. □ 

Proof of Corollary ] 6. S[ Let X be a cubic fourfold whose variety of lines, F = F(X), 
is of Jacobian type. Then by Corollary 16.21 we have rkPic(F) > 2. By a result of 
[3], this holds precisely when rk Hdg (X) > 2. Hence X is special. □ 
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Proof of Proposition \6.4\ Since F% and F% are birational to each other, we have 

H 2 (Fi,Z) ^H 2 (F 2 ,Z) 

which is compatible with the Beauville-Bogomolov bilinear forms, see [8]. Then 
Theorem 12 . 141 implies that 

H 4 (^,Z)-H 4 (^ 2 ,Z) 
which is compatible with the intersections. Then the Proposition follows easily. □ 

7. Rational cubic fourfolds 

In this section, we give some partial evidence of our Conjecture 11.61 We first 
state some well-known formulas for blow-ups. We then show that rationality of 
a fourfold implies the existence of a Hodge theoretically special family of rational 
curves parameterized by a surface. Using the techniques and constructions of [17j . 
we were able to relate this to the variety of lines and prove Theorem 11.91 



7.1. Blow up formulas. Let Y be a. smooth projective variety of dimension 4 and 
Z C Y a smooth closed subvariety. Let Y = B\z(Y) be the blow up of Y along Z 
and E C Y the exceptional divisor. Then we have the following diagram 




Proposition 7.1. Let Y , Z and Y be as above. We use ® to denote orthogonal 
decomposition. Then the following are true. 

(i) If Z is a point, then 

H 4 (f, Z) = H 4 (Y, Z)eZ[P 2 ] 

where the extra class [P 2 ] is the class of a linear P 2 in the exceptional divisor E = P 3 . 
Furthermore we have [P 2 ] 2 = — 1. 

(ii) If Z is a curve, then 

h 4 (f,z) = H 4 (r,z)©(Zj4©Zj„/) 

where £ is the class of the relative 0{l)-bundle of it : E — ^(JVz/y) ~^ Z and f is 
the class of a fiber of it. The intersection matrix of j»£ and j^f is 

d -1 
v -l 

where d = deg(.yYz/Y)- 

(Hi) If Z is a surface, then we have a canonical identification 

H 4 (f,Z) = H 4 (r,Z)©H 2 (Z,Z)(-l) 

where H 2 (Z, Z) — > H 4 (y, Z) is given by o H» — j'*7r*a and the intersection form is 
given by 

j*7r*a • j*7r*a' = -(a • a')z- 
The projection H 4 (Y,Z) -> H 2 (Z,Z) is given by a4 7r»j*a. 
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Corollary 7.2. If Z is a point or a curve, then 

H 4 (f,Z) tr = H 4 (F,Z) tr . 

If Z is a surface, then 

H 4 (r, z) tr = H 4 (r, z) tr ©H 2 (z, z) tr (-i). 

7.2. Rational fourfolds. Let Y be a smooth projective fourfold that is rationally 
connected. Let S = JISi be a smooth (not necessarily irreducible) surface. Let 
K(S) = (BK(Si) be the product of the function fields of its components. Any 
nontrivial morphism 

induces an Abel-Jacobi map 

a = n.<p* : H 4 (F, Z) tr H 2 (S, Z) tr . 

This can be defined as follows. First, the morphism ip can be defined over a dense 
open subset U C S. Namely, we have the following diagram 

P 1 x U Y 



U 

This picture can be completed into a proper family of rational curves on Y as 
follows 



S 

This allows us to define the usual Abel-Jacobi map 

ttV :H 4 (y,Z) tr ^H 2 (£,Z) tr . 

It is well-known that the transcendental lattice of a surface is a birational invariant. 
Since S is birational to S, we have the canonical isomorphism 

H 2 0S,Z) tr = H 2 (S,Z) tr . 

This gives the homomorphism 

a:H 4 (y,Z) tr ^H 2 (S,Z) tr . 

One checks that this definition of a. is independent of the choice of the spreading 
ipu and the completion S. Note that by construction, the morphism tt : — > S has 
a rational section. 

Definition 7.3. We say that S receives the cohomology of Y with index e via a 
rational curve (fK(s) '■ ^k(s) "~ * ^ as above if the associated Abel-Jacobi map 
satisfies 

(a(x) ■ a(y)) s =-e(x- y) Y , Mx, y e H 4 (F, Z) tr . 
When a polarization H of Y is fixed, the degree of the rational curve fK(S) is 
defined as the degree of y(Pg) for a general closed point s e 5(C). We will call 
(fiK(s) a ti ne if hs degree is 1. 
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Let Y be a smooth projective fourfold. Assume that Y is rational. Then there 
is a birational map / : P 4 --■» Y. We resolve the indeterminacy of / by successive 
blow-ups along smooth centers and get the following picture 

Y' 

f 

p4 y 

where a is the seccessive blow-ups. Let Si,...,S r be the smooth surfaces that 
appear as the center of the blow-up at some step. Let T±,...,T r C P 4 be the 
images of the Si's. 

Definition 7.4. We say that successive blow-up a is simple if the Tjj's are all 
surfaces distinct from each other. 

We assume that a is simple. This implies that S% — > Ti is birational and <j~ l (t) = 
P 1 for general ieT t . Let 

r r 

4=1 4=1 

Fix a general point x G Y with its image in P 4 being x' . For a general point 
(meaning from a dense open subset) t £ T, we use L t C P 4 to denote the line 
passing through x' and f. Let L' t C Y - ' be the strict transform of L t and C F be 
its image in Y , Note that x 6 Ct for all such general t.Ast varies in a dense open 
subset of S, this gives a rational curve 

VJf(S) : (S) ^ 

that passes through x e X. For a general point t e T, we also define £^ = cr _1 (t) C 
Y"' and E t C Y" be its image in Y. Since 5 — >• T is birational, we see that i?t, as i 
runs through general points of T, defines a rational curve 

<£k(S) : P K (S) ~* Y 

Lemma 7.5. Let notations and assumptions be as above, then S receives the co- 
homology ofY via <Pk(s) (resp. <Pk(S)) with index —1 (resp. 1). 

Proof. By (hi) of Proposition 17. II and Corollarv l7.21 we see that 

7f„0* : H 4 (Y,Z) tr -> H 2 (5,Z) tr - H 4 (Y',Z) tr 

is equal to /*. This proves the case of <Pk(S)- Let {L;, : b <E B = P 3 } be all the 
lines on P 4 passing through x'. Then for general b <E B, the line gives rise to 
a rational curve C' b C Y. When Lb specializes to a line L t for some general point 
t E T, the rational curve C[ specializes to the nodal curve C t L> E t . This gives us 
the following picture 

^ — 9 -U- <£> — i*. Y 

P 9 
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Here ^ is the total space of {E t U Ct}tes and ^" is the total space of {LbjbeB- 
Then by construction, we have 

n*ip + ir*(p — p*(g ) n — g q*h 

as homomorphisms H 4 (T,Z) tr H 2 (S,Z) tr . Since H 2 (5,Z) tr = 0, we get g* = 
and hence 

— —TT^ip*. 

This prove the case of tpx(s). O 

7.3. Rational cubic fourfolds. Let X be a smooth cubic fourfold and F = F(X) 
its variety of lines. 

Proposition 7.6. The hyperkdhler manifold F is of Jacobian type if and only if 
there exists a surface S that receives the cohomology of X with index 1 via lines. 

Proof. By [3], the universal line defines the Abel-Jacobi isomorphism 

a : H 4 (A,Z) -> H 2 (F,Z). 

If there is a line ifiK(s) '■ ^^-(s) ~^ then this gives a rational map / : S F. 
By replacing S by a birational model, we may assume that / is a morphism. Then 
we have 

/* o a = tt.vj* : H 4 (X, Z) tr -> H 2 (5, Z) tr . 

As was shown in [3], 

6(a(x), a(y)) = -(x-y), x, y e H 4 (A, Z) tr . 

We see that 5 represents a minimal class if and only if it receives cohomology of X 
with index 1 via tpic(S)- I— ' 

Proposition 7.7. Let C = P 1 C X be a general rational curve of degree e on 
X and Sc the surface of lines meeting C . Then the lines defined by Sc gives a 
morphism <Pk(S) '■ ^if(S) ~* ^ an( ^ ^ c rece * wes the cohomology of X with index 2e. 

Proof. This follows from the Prym-Tjurin construction obtained in j!8) . □ 

Given the above result, we would like to ask the following 

Question 7.8. For a very general cubic fourfold X, is there a surface S that 
receives the cohomology of X via a rational curve with an odd index? 

We expect that the answer to this question is negative and such a negative answer 
should imply nonrationality of A. To see how this question is related to Conjecture 
11.61 we recall some constructions and results of [T7]. Let / : C = P 1 — > X be a 
smooth rational curve of degree e on X. A secant line of C is a line on X that 
meet C in 2 points. We say that C is in well-positioned if there are only finitely 
many distinct secant lines of C . Assume that C is well-positioned. A general 
pair of points (x,y) £ Sym 2 (C) = P 2 determines a line L x . y C P 5 . The line L x , y 
intersects X in a third point z unless L x ^ y is a secant line of C. As (x, y) varies, 
we get a rational map <f>o : Sym 2 (C) X, (x,y) i— > z. Let S be the blow up 
of Sym 2 (C) at the points corresponding to the secant lines, then <j>o extends to a 
morphism <f> : £ — > X . This rational surface S is called the residue surface of C. 
The condition z — x or y defines a curve C C X. The degree of the morphism 
C — >• C is e — 2. There are several natural divisors on S. Let x G C be a general 
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closed point, we define D x C S be the loci {(x,x') : x' G C} C Sym 2 (C). Let 
a C C be a hyperplane section and we write o = J21=i x i- We define 

e 

D a = Y f D St . 

1 = 1 

Let £ = 4>*h be the class of a hyperplane. The loci (x, x) for x G C defines A C E. 
The class of A is divisible by 2 in the Picard group of E. Let A = -f A. Then 
the following holds true in Pic(E), 

JV 

(7) C-D a -A -^ + ^2Ei = 0, 

i=l 

where £?i, i = 1, ...,N, are all the exceptional divisors of the blow up S —> 
Sym 2 (C). This is proved in Proposition 3.6 of [I7j . Viewed as algebraic cycles 
modulo rational equivalence, we have 

= (e - 2)C, <p*D a = -eC + a x h 3 , </>*A = C + a 2 h 3 , 0„£ = a 3 /i 3 , 

for some ai, 02, 03 G Z. 

If C varies in a family, then the above constructions can be carried out in families. 
Furthermore, the construction does not require the base field to be algebraically 
closed. Now assume that S is a surface and 



S 

be a family of rational curves of degree e on X. Assume that for a general point 
s G S, the curve ^ s is well-positioned. By carrying out the above construction in 
this family, we see that there is an dense open subset U C S and S — > U, & C S, 
3 C E, -D C S, A C E and £cS such that for any point set/, the fiber (E) s is 
the residue surface of and 3, D, Ao and E correspond to C, £, D a , Ao and 
5^ -Ei respectively. By taking the closures, we view 5, D, A and as elements 
in CR 3 (S x X). Then we define 

r = ' i #-Z)-Ao-5 + i?G CHgtS x X). 

Let 77s be the generic point of S. Note that T\ vsX x defines an element in CHi(f7s x 
X). By doing the above construction of residue surface over the point 775, then the 
relation JJJ says 

P|ijsxX = 0. 

It is a standard fact that 

CHife x X) = CH 3 (t7s x X) = limCH 3 ([/ x X) 

where U runs through open dense subsets of 5. Hence we see that T\tj x x = for 
some open dense U C S. Let B = S — U and B be a desingularization of £>. By 
shrinking U, we may assume that B is a curve. Then we see that 



F G Im(CH 3 (S xI)-> CH 3 (S' x X)). 
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It follows that the homomorphism [r]* : H 4 (X, Z) tr — > H 2 (S, Z) tr factors through 
H°(B,Z). This implies that [T]* = 0. Note that <i = (e - 1j€ G CH 3 (5 x X), we 
get 

[£]* = (e-2)[«T< 

Consider rj = -D + eC — ^-S G CH 3 (S' x X)q and run the same argument as for 
T, we get 

[D]* = -em* + —[HI*. 

Similarly, we have 

[A ]* = [<T]* + ^[S]*. 

Note that S is simply the pull back of a hyperplane H C X via the natural morphism 
£ -> X. It follows that [H]* : H 4 (X,Z) tr -> H 2 (5,Z) tr factors through H 4 (iJ,Z). 
Since H 4 (_ff, Z) = Z only has algebraic classes, we conclude that 

[S]* = 0. 

Put all these identities together, we get 

(8) [E]* = (3-2e)[^]*. 

The generic fiber of E — > S consists of finitely many lines, namely the secant 
lines of the corresponding curve By selecting one of the secant lines, we get a 
factorization E — > Tg — > S and a morphism T$ — > F. The surface T$ gives rise to 
a correspondence from S to F. Then the equation (jHJ) can be rewriten as 

(9) [r s ]*oa = (3-2e)[^]*, 

where a : H 4 (X, Z) tr — )• H 2 (F, Z) tr is the Abel-Jacobi isomorphism. Now we can 
give a partial relation between Question 17.81 and Conjecture 11.61 

Proposition 7.9. Let X be a cubic fourfold and F its variety of lines. Assume 
that there exist a surface S receiving the cohomology of X with odd index eo via a 
well-positioned rational curve. Then F is potentially of Jacobian type. 

Proof. Let c (o —> S be the rational curve defined by S. By assumption, we have 

[tf]*x ■ m*y = -e (x ■ y), x, y G H 4 (X,Z) tr . 

Let Tg be the surface parameterizing the secant lines as constructed above. Then 
the equation © gives 

[T s }*u ■ [T s }*v = e (2e - 3)6(u, v), u, v G H 2 (F, Z) tr . 

Note that e (2e - 3) is again odd. Take a = e ° (2e ~ 3) ~ 1 G Z. Let I C X be a general 
line and / : Si — > F the surface of lines meeting I. It is known that 

f*u- f*v = 2b(u,v), u,v G H 2 (F,Z) tr . 

Then we can take Si = SJ^S*; and Ti = L5 — aL/, where is the graph of /. 
Then we have 

Pi]*u • \Ti]*v = b(u, v), u,ve H 2 (F, Z) tr . 
This means that i 7, is potentially of Jacobian type. □ 



Proof of Theorem \1.9\ This is essentially a combination of Lemma 17.51 and Propo- 
sition 17.91 The only thing that we need to note is that in the proof of Lemma 
17.51 we can choose the point x' general enough such that C* is well-positioned for 
general t. □ 
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